We apply the Lagrangian perturbation theory with time-dependent growth functions at second and third order of perturbation with the aim to model the effect of dynamical dark energy on redshift-space distortions. Our fiducial galaxy redshift surveys are modeled after the upcoming SKA and DESI redshift surveys. We include PLANCK CMB priors and the 20% uncertainty on the linear bias parameter, incorporating the unknown instrumentation noise. After the marginalizing, our results show that the constraints on the density parameter could potentially get better than ∼1%, while the constraints on w 0 and w a could be better than ∼ 5% and ∼ 60% respectively, consistent with works done before. However, the inclusion of time-dependent growth functions would alter the nonlinear power spectrum by as much as ∼10%. The inclusion of the time-dependent growth functions become crucial as the precision gets better.
I. INTRODUCTION
Current cosmological data, such as the observed distance modulus of the type Ia supernova (SNIa) [1] [2] [3] , the cosmic microwave background (CMB) [4] [5] [6] [7] , the baryonic acoustic oscillations (BAOs) [8] and an independent Hubble parameter measurement [9] suggest that the expansion of the Universe is accelerating. One of the explanations of the cause of the acceleration is the mysterious form of energy called "dark energy." The simplest model of dark energy is the cosmological constant [10] . While the cosmological constant is enough to explain the current data, its constancy leads to a fine-tuning problem [11, 12] . Apart from the cosmological constant, an alternative model of dark energy is an ideal fluid with an equation of state given by P = wρc 2 , where P and ρ are fluid pressure and density, respectively. w is the equation of state which could, in general, vary with time. In order for the fluid to give rise to the accelerating expansion, the value of w must be w − 1 3 . The energy consideration requires w −1; however, the current constraint on w is very close to −1 [7] . Therefore, distinguishing the cosmological constant and dynamical dark energy is a challenging problem in cosmology. With the redshift surveys, the number of observed galaxies of more than 1 × 10 6 galaxies can potentially be able to constrain cosmological parameters especially the equation of state for the dynamical dark energy. Since we can only observe in redshift space along the line of sight, the redshift-space distortion (RSD) effect is an inevitable consequence. The RSD effect is sensitive to the density growth functions, which sequentially depend on w. Hence, galaxy surveys * E-mail: teeraparbc@nu.ac.th are viable probes of dark energy and accurate theoretical modeling of the RSD effect is crucial.
One of the prominent probes of the non linear structure of the Universe is baryonic acoustic oscillations, primordial sound waves which were propagated in the hot plasma of photons and baryons in the early Universe [13] . The BAO effect leaves a distinct statistical imprint of oscillatory features in the power spectrum on the scale that corresponds to the sound horizon scale. The BAO effect could be detected through the observed two-point correlation functions and the power spectra in redshift space [8, [14] [15] [16] [17] [18] [19] . The two-point correlation function provides a powerful probe of the time-dependent equation of state of dark energy model in a manner that is highly complementary to measurements of the cosmic microwave background.
Within the present time and the next few decades, there will be several large-scale-structure surveys that explore increasingly larger and deeper regions of the Universe; for example, the Dark Energy Survey (DES)
1 [20] [22] . These surveys will help our understanding of the growth of the structure in the Universe, especially in the nonlinear regimes. Therefore, it is essential to have an accurate theoretical modeling to interpret the upcoming observational data. The futuristic surveys are crucial for observations of the BAOs because those surveys will map out to z 3. At high redshifts, many more oscillatory modes will be available for observations and data analysis. However, even at low redshift, for large-sky coverage surveys, it is marginally possible to observe the BAOs.
Analytical modeling of the large-scale structure of the Universe on non linear scales has the potential to considerably increase the science return of upcoming surveys by increasing the number of modes available for model comparisons. One way to achieve this is to model nonlinear scales perturbatively. Therefore, predicting the precise nonlinear behavior of the galaxy power spectrum using analytical approaches and comparison to N-body simulations is an essential step in interpreting these data and in elucidating the nature of dark energy. There are two main perturbative modelings in the literature, the Eulerian standard perturbation theory (SPT) [23] [24] [25] and the Lagrangian perturbation theory (LPT) [26] [27] [28] ; for a review see Ref. [29] .
SPT requires two fundamental random fields; the overdensity field and the velocity field. However, the convergence rate of SPT is slow, which comes at a great computational cost for higher accuracy by adding more terms. In addition, the higher-order SPT does not give any sensible prediction for the correlation function because unphysical behavior in the small wavelength limit prevents the Fourier transform from converging [30] . Therefore, in this article, we shall exploit the LPT resummation as an alternative to SPT. LPT has an advantage over SPT because it is convenient and customary to set up the initial conditions for N-body simulations. The calculation of the effects of redshift-space distortion is straightforward in LPT [31] . In addition, LPT focuses on perturbing the displacement field rather than the overdensity and velocity fields.
The goal of this article is to investigate the potential of utilizing galaxy redshift surveys to constraint the equation of state parameter for dark energy in the BAO power spectrum in redshift space by applying an analytic cosmological perturbation theory (LPT) formalism in Ref. [28] . In Sec. II, wed describe the LPT theory in both real space and redshift space with time dependent growth functions. In Sec. III, we describe the models and assumptions for our analysis and give the result in Sec. IV. Discussions and conclusions are given in Sec. V.
II. THEORY
In this section, we describe all the relevant theories in this analysis such as the structure formation theory [32] , Lagrangian perturbation theory, and the redshift-space distortion. For a complete and more rigorous review of cosmological perturbation theory, we advise the reader to study Ref. [29] . In this work, we follow the Lagrangian perturbation formalism in Ref. [28] .
A. Structure formation theory
The structure that we see in the Universe is generated from small inhomogeneities where the fluctuation of the density field ρ(x, t) is defined as
where δ(x, t) is the density overdensity or contrast and x is the comoving distance vector.ρ(t) is the average density in the comoving coordinate system. The dynamics of the density field is governed by the continuity equation,
and Euler's equation,
where u is the peculiar velocity and ∇ ≡ ∂ x is the comoving gradient operator. H(t) ≡ a/a is the Hubble expansion rate. Φ is the comoving gravitational potential,
where Ω M is the matter density parameter. We shall define the velocity potential, θ, as the divergence of the comoving peculiar velocity field
In the linear cosmological perturbation theory, the growth of the density and the velocity potential are given by
and
From Eqs. (6) and (7), a second-order differential equation in terms of the overdensity is given by,
Assuming a linear growth factor D 1 (t) such that
where δ 0 (x) is the overdensity at a particular time. It is customary to normalize the growth function to unity so that δ 0 (x) represent the overdensity at the present epoch. From Eqs. (8)- (9), we have the equations describing the evolution of the linear density perturbations as
D 1 is known as the linear growth factor and has been used pretty much in a linear regime and as an extrapolation to nonlinear regimes. Perturbatively, we can expand the overdensity as
where δ n (x, t) is proportional to δ n 0 (x). Similarly, we can define
where, from Eq. (4),
We shall follow the Lagrangian perturbation theory from Ref. [28] . In this model of perturbation, the Eulerian particle position x can be mapped to a Lagrangian particle position q by the displacement field Ψ,
where x is in the Eulerian comoving coordinate description. The overdensity in the Lagrangian position is given by
where
is the Dirac's delta function in three dimensions. The equation of motion in terms of the displacement field is given by
We can define the Fourier mode of the displacement field Ψ as
where Ψ n (k, t) is the nth order displacement vector field in Fourier space and L n (k 1 , . . . , k, t) are the Lagrangian perturbative kernels. Our convention for the Fourier transform isf
The linear matter power spectra (dotted) and nonlinear matter power spectra (solid) at different redshifts in the w a CDM model (see Table I ). The same plots for the other models have similar features. From top to bottom, z = 0.5, 1.5, and 2.5. The nonlinear power spectra are shown up to k nl ; however, we apply a cutoff scale at k nl /2.
. L 3a will need to be symmetrized in terms of k's later.
Real-space power spectrum
The power spectrum is defined as a Fourier transform of the two-point correlation function of overdensity,
where ξ is the two-point correlation function. The power spectrum has a simple relation as
where P(k) is the power spectrum andδ(k) is the Fourier transform of overdensity [Eq. (18)]. The power spectrum in Fourier space depends only on the magnitude of the wave vector, k = |k |. Following the formalism in Ref. [28] , the power spectrum is given by
where P L (k) is the linear matter power spectrum. Q n (k)'s and R n (k)'s are the integral functionals of the form
where P L (k) ≡ P L (k, z = 0) the linear power spectrum at the present epoch.
We shall express time in terms of redshift z for observables. For an Einstein-de Sitter universe, our result is consistent with Ref. [28] . The validity of this approach is applicable when the argument of the exponential term in Eq. (29) is of the order of unity; hence, we define the nonlinear scale k nl as
We will apply a cutoff scaling where k < k nl /2. The power spectra for the w a CDM model (see Sec. III) is shown in Fig. 1 as an example.
Redshift-space power spectrum
The power spectrum in redshift space is anisotropic and, hence, depends on the observed directionẑ, the radial direction. Following the formalism in Ref. [28] , the redshift-space power spectrum is given by
where µ =ẑ· k/k is the direction cosine of the wave vector k with respect to the line of sight,
The integral E mn (k)'s are the integral functionals in terms of Q n (k) and R n (k) of the forms
For an EdS universe, d 2 = 3/7, d 3a = 5/21, and d 3b = 1/6, we recover the results done by Ref. [28] .
III. MODELS AND DATA ANALYSIS
In galaxy redshift surveys, the peculiar velocities of galaxies cause a distortion between the observed power spectrum (or correlation function) along a line of slight and the direction perpendicular to the line of slight. The distortion effect can be predicted and tested with the underlying cosmology known as the Alcock-Paczyński (AP) test [33] . The AP test can be used to track the effect of the dynamical dark energy in redshift surveys with different redshift slices. In this section, we describe our dynamical dark energy models and analytical methods for galaxy redshift surveys.
A. Dynamical dark energy
We use a parametrization of the equation of state of the dynamical dark energy by using a Taylor expansion in the Chevallier-Polarski-Linder (CPL) model [34, 35] ; 
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where w 0 and w a are constants. In the case of the cosmological constant, w 0 = −1.0 and w a = 0.0. In general the equation of state parameters w 0 and w a could be any values allowable by observational data. For the current observational constraint of w 0 and w a 7 , we use the MCMC exploring chain from planck lowl lowLike highL BAO data with the base base w wa. This data set includes the constraints on parameters of our interest. In addition, these data include late-time BAO observational data from DR11LOWZ, DR11CMASS [37] , MGS, and 6DF [38] . From the data, we have
We demonstrate the application of the LPT formalism by considering the following fiducial models; a ΛCDM-like model which follows the standard ΛCDM model with the cosmological constant (w 0 = −1.0 and w a = 0.0), wCDM-like models with w 0 = −0.8 and w a = 0.0, and a w a CDM-like model with w 0 = −1 and w a = 0.1. In the ΛCDM model with cosmological constant Λ both w 0 and w a are constant; however, for academic proposes, we shall vary both parameters. The summary of all the fiducial models and their parameters are summarized in Table I .
B. Galaxy bias
The measurement of the power spectrum depends on the type of tracers; however, they may not exactly follow the distribution of the underlying dark matter. For galaxy-type tracers on large scales, we shall apply a linear bias b 1 as [39, 40] ,
7 At the time of preparation for the manuscript, the updated cosmological parameter constraints, PLANCK 2018, results have been released [36] .
where δ g (k) is the galaxy overdensity. The power spectrum with galaxies as tracers is given by replacing
The value of b 1 depends on surveys described in the next section.
C. Galaxy surveys
In this section, we give a brief introduction to some of the selected future surveys. Additionally, we describe how those surveys will motivate us on how we decide on our fiducial surveys and redshift bins based on the real surveys.
SKA
The Square Kilometre Array (SKA) is a giant radio telescope located at two sites in South Africa and Western Australia. The South African site will host midfrequency receivers (350 MHz-15.3 GHz) while the Australia's site will host low-frequency receivers (50 MHz-350 MHz) 8 . The first operation phase will commence in 2020. The second phase, which is about 10 times more sensitive, will be active in about 2025. One of the key science goals of SKA is to understand the nature of dark energy. With the capabilities of SKA, a large number of HI galaxies could be detected with precise redshift information using the 21-cm line from the spin-flip transition. Since the rest frequency of the transition is at 1420 MHz, telescopes with frequency ranges from ∼100 to 1420 MHz such as the SKA could detect HI galaxies up to z ∼ 10 or the epoch of reionization.
For an SKA-like fiducial survey, we follow the bias and number count fitting functions for SKA from Ref. [41] via a mock catalog [42] . The number count per redshift dn/dz and the linear bias b 1 (z) as a function of redshift are given by dn/dz = 10 6.7767
with parameters emulating the SKA phase 2 capabilities. 
DESI
The Dark Energy Spectroscopic Instrument (DESI) is a ground-based dark energy experiment that will study baryon acoustic oscillations and the growth of structure through redshift-space distortions as a successor of the baryon oscillation spectroscopic survey (BOSS) [43] . The survey will start in 2019 mapping 1 × 10 6 of galaxies and quasars. The full five-year DESI survey will cover a baseline survey of 14,000 deg 2 . DESI will be able detect quasars via Ly-α forest in 2.1 z 3.5. For the purpose of the Fisher analysis, we follow the number count using DESI baseline (Fig. 3 .17 in Ref. [43] ) and the bias from the BOSS quasar bias b 1 (z) = 3.6D 1 (z = 2.4)/D 1 (z = 0) where D 1 (z) is the linear growth factor [44] .
Our fiducial surveys
We divide our redshift bins into three equally spaced bins as shown in Table II . In the table, the average number density of galaxies tracersn g and the survey volume V s in Eq. (60) are also shown. The first two bins, called SKA1 and SKA2, are modeled after SKA phase 2 where we took the SKA survey parameters into account while calculatingn g and V s . Similarly, the last bin is modeled after the DESI survey. The bias for the SKA-like and DESI-like survey are also shown. The first two bins will provide insight to how the SKA will give constraints on a wide-area-type survey, while the last bin will represent a deep small-area-type survey. We shall use to the mean value of the redshift in each bin, z = 0.5, 1.5, and 2.5, respectively, for the calculation of the power spectra and growth functions.
D. Fisher matrix formalism
In order to forecast the constraints on cosmological parameters for a given survey, we utilize the Fisher information matrix method [45, 46] ,
where F αβ is a component of the Fisher matrix F. C is the covariance matrix and C ,α ≡ ∂C/∂θ α , where θ α is a parameter. For the two-dimensional redshift-space power spectrum P s (k, µ) a component of the Fisher matrix is given by [47, 48] ,
The effective survey volume is given by
where V s is the volume of the survey andn g is the mean galaxy number density. The estimated uncertainty from the inverse Fisher matrix gives an optimal uncertainties σ α of the parameter θ α for the Cramé-Rao bound
With the Fisher matrix formalism, a conservative estimate of the uncertainty in measurement could be obtained. The matter power spectra were computed using CAMB 9 [49] . We shall focus our attention on the density parameters
, Ω Λ and the equation of state parameters w 0 , w a as those parameters have a direct impact on the growth functions [Eqs. (14)- (16)]. The parameters ∆ 2 R , τ, and n s are power-spectra-related parameters. They are not directly relevant to the growth functions; 
FIG. 2:
The correlation function of the LPT nonlinear power spectrum in redshift space where r ⊥ is the perpendicular component to the line of sight and r is the parallel component to the line of sight. The models are, from left to right, ΛCDM, wCDM, and w a CDM, respectively (see Table I ). The bins are, from top to bottom, SKA1, SKA2, and DESI, respectively.
however, their uncertainty in measurements will affect the constraint on other parameters. Hence, we shall include the uncertainty in the parameters ∆ 2 R , τ, and n s in our analysis using PLANCK's priors. The inclusion of the bias parameter b 1 [Eq. (54)] is necessary as it is an unavoidable effect of galaxy clustering. In addition, we shall assume that the bias and instrumental noise are unknown within 20% accuracy. It is considered as a nuisance parameter which shall be marginalized. Hence, our fiducial cosmological parameters, after marginalization, for the Fisher analysis used in this article are
The values of the fiducial cosmological parameters are summarized in Table I . The values of the bias parameter b 1 for a different model and redshift bin are summarized in Table II . In this article, all the cosmological models are assumed flat. Our fiducial cosmological parameters for the Planck covariance matrix is based from planck lowl lowLike highL BAO data with the base base w wa. This data set will give different values of w 0 and w a (Eq. (53)). However, we shall assume the variation of the covariance matrix is negligible across small changes in the parameter space.
IV. RESULTS
In this article, the effect of dynamical dark energy on the nonlinear power spectra in the form of redshift-space distortion was investigated (see Sec. II). The linear matter spectra and nonlinear matter power spectra using LPT are shown in Fig. 1 . We illustrate the observable effects of the redshift-space distortion in real space by performing the inverse Fourier transform of the nonlinear power spectra in Eq. (39) and the results are shown in Fig. 2 .
In order to test the model of dynamical dark energy, we apply the Fisher matrix analysis in Sec. III to our fiducial models. The 68% C.L. constraints on our parameters of interest after marginalization are shown in Table III . We divide the galaxies into different redshift bins; SKA1, SKA2, and DESI. The details of the bins are described in Table I . Additionally, the combined constraints from all redshift bins (all bins) and with PLANCK's priors (all bins + PLANCK) are also shown.
V. DISCUSSIONS AND CONCLUSIONS
The nonlinear power spectra using the LPT formalism [28] are shown in Fig. 1 . From the figure the cutoff scale, beyond which the approximation will be invalid, increases with redshift (in k space). This is due to the growth of nonlinear scales. Even though smaller scales can be probed by high-redshift surveys, the gain of information is hindered by the decreasing the number of observed galaxies at high redshifts. The decrement in the number of galaxies is both intrinsic and instrumental. In Fig. 3 , the optimal bins where the constraining power is highest are the lowest bins (z = 0.0−1.0) and progressively decrease at higher-redshift bins (see Table II ). Since all the bins are independent, we can achieve better constraints by combining the information from all the bins as shown in Fig. 4 . From the figure, we could see that the constraints from the galaxy surveys alone are comparable to that of all sky PLANCK's CMB survey. Some of the parameters have slightly better constraints than PLANCK alone.
From Fig. 4 and Table III , the data from redshift surveys of galaxies are sensitive to Ω Λ , w 0 , w a and mildly sensitive to Ω M h 2 . This is due to the fact that those parameters are directly involved in the growth functions which play an important role in late-time evolution of the Universe. The constraint on Ω B h 2 is not considerably better in comparison to PLANCK's constraint (see the left panel in Fig. 4 ). The combination of information from PLANCK with redshift surveys, in general, give tighter constraints in all the cosmological parameters. In addition, parameter constraints from both PLANCK's cosmic microwave background observation and redshift surveys have different degeneracy directions which will give more compact constraints. The variations of the constraining power across different models are not significantly different; however, the constraints on w 0 and w a are better in the wCDM and w a CDM models.
Our fiducial surveys are modeled after SKA and DESI. We apply the survey specifications from SKA for z = 0.0 − 2.0 and from DESI for z = 2.0 − 3.0 in Table II . SKA utilizes the 21-cm emission lines to detect HI galaxies; however, the frequency range of SKA could potentially observe the HI galaxy beyond redshift 2.0. Since the constraining power does not significantly improve with higher redshifts, we shall only limit the SKA capability to redshift 2.0 for a conservative estimation. The extra DESI-like deep-survey bin does not give any noticeable improvement. We have included the uncertainties in power spectrum parameters such as τ, n s , and ∆ 2 R as the inherited uncertainty from PLANCK's CMB measurements. We add 20% uncertainty in the bias parameter and all the unknown instrumentation noise will be incorporated into the bias uncertainty.
With the instrumentation noises and the bias estimation described in the previous paragraph, the overall constraints of all the parameters (All Bins + PLANCK) are at ∼1% accuracies for the density parameters, ∼ 5% on 
FIG. 5:
The ratio between nonlinear power spectra with time-dependent growth functions P(k) and nonlinear power spectra with an EdS approximation P EdS (k). The solid blue line is the nonlinear power spectra at z = 0.5, the dashed green line and the dotted red line are at z = 1.5 and z = 2.5 respectively. In the figure, the model w a CDM is shown; however, the same plot for the other models has similar features.
the equation of state parameter w 0 and ∼ 60% on w a (see Table III ). Our results are consistent with similar work done in Ref. [50] . These precisions will rule out most of the nonstandard cosmological models and put even tighter constraints on dark energy models; therefore, an accurate theoretical model of the observables become crucial. This is why second-and third-order growth functions [Eqs. (14)- (16) [27] . However, the variation in the nonlinear power spectrum with time-dependent growth functions get magnified. In Fig. 5 , we demonstrate the fractional difference in the nonlinear power spectra [Eq. 29] between the EdS parameter value P(k) and the non-EdS parameter value P EdS (k). Our result is consistent with the work in Ref. [52] ; however, our work applies the Lagrangian perturbation theory across various scales and redshifts. The non-EdS parameter values are according to the models in Table I . From the figure, it can be seen that the fractional difference is, on average, ∼5% across interested range of redshift and could get up to ∼ 10% in certain redshifts. The maximum difference occurs at k ∼ 0.5 h Mpc −1 , a quasilinear regime. This is an indicator that as the precisions get better, the EdS approximation may not be accurate enough and a need for higher-order growth functions is emerging. In this article, we demonstrate an application of Lagrangian perturbation formalism by Ref. [28] on the effects of dynamical dark energy on the observation of redshift-space power spectra and correlation functions. With upcoming powerful telescopes such the SKA and DESI, the constraints on the density parameters could potentially achieve better than ∼1% while the constraints on dark energy parameters w 0 and w a could be better than ∼ 5% and ∼ 60%. However, a better, more accurate theoretical modeling is also needed. The EdS approx- imation which is often used for cosmological perturbation theory may need to be revised. We suggest that the inclusion of the time-dependent growth functions in the second-order and third-order term become crucial as the precision get below 1%; however, the impact of these functions on the outcome of measurements still needs further investigation.
